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Abstract
We have found that, in the intensity-dependent Jaynes-Cummings model, a
field initially prepared in a statistical mixture of two coherent states, |α〉 and
|−α〉, evolves toward a pure state. We have also shown that an even-coherent
state turns
periodically a into rotated odd-coherent state during the evolution.
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I. INTRODUCTION
The generation of nonclassical light and its interaction with matter are subjects of in-
tense investigation in quantum optics. The increasing control of atoms and electromagnetic
fields achieved nowadays has opened up exciting possibilities in this field. Details of the
matter-field interaction have been investigated over the past thirty years, specially after the
introduction of the Jaynes-Cummings model [1]. Despite of the simplicity of the model, it
allows generalizations that may be applied to different circumstances and regimes [2]. One
of these generalizations is the intensity dependent Jaynes-Cummings model, introduced by
Buck and Sukumar [3]. Because of the commensurability of the Rabi frequencies which arises
from such a coupling, this model presents absolutely periodic revivals, contrary to what hap-
pens in the ordinary Jaynes-Cummings model. Moreover, the state-vector representing the
evolution of the system is periodic itself. This means that there will be periodic evolution
for any expectation value. What has not been acknowledged is that this behaviour leads to
such an enhancement of certain effects that would be otherwise difficult to notice within the
realm of the original Jaynes-Cummings model. Because of this enhancement it is possible
to have the generation of well-defined Schro¨dinger cat-like states during the evolution of the
field in the intensity-dependent model, as it has been already discussed [4]. We would like
to remark that the approach to a (almost) pure state at half of the revival time occurs in
the ordinary Jaynes-Cummings model, as it is well known [5,6], if we start with the field
in a pure state. For an initial statistical mixture, however, only a tendency of purification
occurs, instead of perfect purification.
In this paper we are going to be concerned with the dynamical change of field states,
namely superpositions of coherent states. Of particular importance is the purification, i.e.,
the transformation of a statistical mixture of two coherent states, for instance, into a quan-
tum superposition of coherent states. We know that normally processes such as the inter-
action of a field with its environment (leading to dissipation), and the resonant interaction
of a field with atoms leads to important loss of coherence, which represents the destruction
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of the quantum properties of a field state. It is therefore important to look for ways of
overcoming these very common demolition processes. Surprisingly enough we have found
that the resonant intensity-dependent Jaynes Cummings model provides a possible purifi-
cation procedure. This is connected to the intrinsic periodicity of the model, and it is easy
to see how this reorganization occurs from the phase-space point of view. On the other
hand, if we start with the field prepared in a (pure) even-coherent state, the model shows
periodic revivals which occur at half of the time of the revivals for an initial coherent state
[7]. Because the full periodicity of the model again, the atom returns to its initial state
(the excited state, for instance) at the second revival. However, at the first revival the atom
will invert its state, i.e., it will appear in the ground state. The atom-field disentanglement
(with relatively high intensity fields) at that time guarantees that the field will be in a pure
state, but due to the change in the atomic state, we expect that not to be the even-coherent
state. In fact, the field at that first revival time becomes a rotated odd-coherent state, as
we are going to show.
This paper is organized as follows: in Section II we present the solution of the model in
terms of the density operator. We also show the evolution of the field purity. In Section
III we discuss the purification procedure from the phase space point of view. In Section IV
we analyze the evolution of fields initially prepared in pure states (even and odd coherent
states).
II. DENSITY OPERATOR SOLUTION AND THE FIELD PURITY
The Hamiltonian for the intensity-dependent Jaynes-Cummings model [3] under the RWA
is given by
Hˆ =
h¯ω
2
σz + h¯ω
(
aˆ†aˆ +
1
2
)
+ h¯λ
(
Rˆσ+ + σ−Rˆ
†
)
, (1)
where λ is the usual atom-field coupling constant, σ+ = |e〉 〈g| and σ− = |g〉 〈e| are the atomic
creation and annihilation operators respectively and Rˆ = aˆ
(
aˆ†aˆ
)1/2
, Rˆ† =
(
aˆ†aˆ
)1/2
aˆ†.
3
Because of the factor
(
aˆ†aˆ
)1/2
, the interaction term is no longer linear in the field variables
and represents an intensity-dependent coupling. Let us assume that the initial state of the
system is the product state ρaf (0) = ρa (0) ⊗ ρf (0), with the atom initially in the upper
state, or ρa (0) = |e〉〈e|. The solution for the time-dependent density operator is analogous
to the one in the ordinary Jaynes-Cummings model [5,8], so that the evolution operator in
the (two-state) atomic basis is
U †(t) =
 Cˆn+1(t) iSˆn+1(t)Rˆ
iSˆn(t)Rˆ
† Cˆn(t)
 , (2)
where
Cˆn+1 = cos
(
λt
√
RˆRˆ†
)
, Sˆn+1 =
sin
(
λt
√
RˆRˆ†
)
√
RˆRˆ†
, (3)
and having the same expressions for Cˆn and Sˆn but with Rˆ
†Rˆ instead of RˆRˆ†.
Therefore the time-evolved density operator will read
ρˆaf (t) = U(t)ρˆaf (0)U
†(t) =
 Aˆ(t)ρˆf (0)Aˆ†(t) Aˆ(t)ρˆf (0)Bˆ†(t)
Bˆ(t)ρˆf (0)Aˆ
†(t) Bˆ(t)ρˆf (0)Bˆ
†(t)
 , (4)
where Aˆ(t) = Cˆn+1 and Bˆ(t) = −iRˆ†Sˆn+1. After tracing over the atomic variables we obtain
the reduced field density operator, or ρˆf (t) = Tra [ρˆaf (t)], which is given by
ρˆf (t) = Aˆ(t)ρˆf(0)Aˆ
†(t) + Bˆ(t)ρˆf (0)Bˆ
†(t). (5)
If the state of the initial field is an equally-weighted statistical mixture of two coherent
states, or
ρˆf (0) =
1
2
(|α〉〈α|+ | − α〉〈−α|) , (6)
we have that
ρˆf (t) =
1
2
∑
n,m
e−|α|
2
√
m!
√
n!
αnα∗m
[
1 + (−1)n+m
] {
cos [λt(n+ 1)] cos [λt(m+ 1)] |n〉〈m|
+
√
n+ 1
α
sin [λt(n + 1)] sin [λt(m+ 1)] |n+ 1〉〈m+ 1|
}
. (7)
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For the sake of simplicity we are going to consider the amplitude α as real. At half of the
revival time (t = pi/2λ), we note that, for n ≫ 1, each one of the terms in Eq. (7) become
exactly equal to
Aˆ(pi/2λ)ρˆf(0)Aˆ
†(pi/2λ) = Bˆ(pi/2λ)ρˆf(0)Bˆ
†(pi/2λ) =
1
4
(|iα〉 − | − iα〉) (〈iα| − 〈−iα|) , (8)
so that he resulting field state will be equal to
ρˆf (pi/2λ) =
1
2
(|iα〉 − | − iα〉) (〈iα| − 〈−iα|) , (9)
which is a Schro¨dinger cat state rotated pi/2 relatively to the initial states. This is an
unexpected organization, because according to what it is normally found in the literature,
the field returns to its initial state at most, which is a mixed one in this case.
In order to illustrate this peculiar behaviour, we can follow the evolution of the field
purity, defined as
ζf(t) = 1− Trf
[
ρ̂2f(t)
]
. (10)
For an initial statistical mixture we have that
ζf(t) = 1−
(
T 21;+ + T
2
1;− + T
2
2;+ + T
2
2;− + 2 |T3;+|2 + 2 |T3;−|2
)
, (11)
where
T1;± =
∞∑
n=0
PMn (±1)n C2n+1, T2;± =
∞∑
n=0
PMn (±1)n+1
(
n
α2
S2n
)
,
T3;± =
∞∑
n=0
PMn (±1)n+1Cn+1
(
i
√
n
α
Sn
)
, (12)
and PMn is the Poisson distribution P
M
n = e
−|α|2|α|2n/n!.
As we see in Fig. 1, because the field is initially in a mixed state, ζ(0) = 0.5. As time
goes on we note a growth in ζ , followed by a sudden decrease, almost down to zero at half
of the revival time. Of course the total atom-field state can not have its purity diminished,
which means that as the field becomes more pure the atomic state must be closer to a mixed
state. Although this behaviour is not obvious, exists a neat explanation from the phase
space point of view, as we are going to show below.
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III. PHASE SPACE APPROACH
The representation of fields in phase space has been providing new insights of the Jaynes-
Cummings field dynamics [7,9,10]. Perhaps the most convenient quasiprobability to be used
in this kind of problem is the Q-function, defined as
Q(x, y; t) =
1
pi
〈β|ρˆf(t)|β〉; β = x+ iy. (13)
For the specific initial state in Eq.(6), the corresponding Q-function will be given by
Q(x, y; t) =
1
2pi
(
|S1,+|2 + |S1,−|2 + |S2,+|2 + |S2,−|2
)
, (14)
where the terms Si,± are
S1,± = 〈β| Â |±α〉 =
∞∑
n=0
exp
[
−
(
|β|2 + α2
)
/2
]
n!
(β∗α)n (±1)n Cn+1(t) (15)
S2,± = 〈β| B̂ |±α〉 =
∞∑
n=0
exp
[
−
(
|β|2 + α2
)
/2
]
n!
(β∗α)n (±1)n
[
−iβ
∗Sn+1(t)√
n + 1
]
.
The Q-function shows a very clear picture of the field dynamics. It is already well-known
that for an initial coherent state the collapse is associated to a split of the Q-function in
two branches, and that at half of the revival time, when the field becomes very close to a
pure state, the two branches are most far apart [7,9]. In the case of an initial statistical
mixture as in Eq.(6) (Fig. 2a), there will be counter-propagating branches (Fig. 2b), which
“collide” at half of the revival time (t = pi/2λ), as it is illustrated in Fig. 2c. Because
we start with an statistical mixture, this means that we have either one possibility or the
other. It happens that exactly at half of the revival time, there is a complete overlap of the
Q-functions representing both possibilities, and also at this time the field will be in a pure
state for each one of them. Because of that overlap, there is only one possible state, which
happens to be a pure state (Schro¨dinger cat).
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IV. TRANSITION FROM EVEN TO ODD-COHERENT STATES
It is worth analysing how would be the dynamics like if the initial field was a Schro¨dinger
cat state, or
ρˆf (0) = |Φ〉〈Φ|; |Φ〉 = N 1/2 (|α〉+ r| − α〉) , (16)
being r = ±1 (even and odd-coherent state, respectively).
In this case, the time evolution will be such that
Aˆ|Φ〉 = N 1/2∑
n
e−|α|
2/2
√
n!
αn [[1 + r(−1)n] cos [λt(n + 1)] |n〉,
Bˆ|Φ〉 = N 1/2∑
n
√
n
α
e−|α|
2/2
√
n!
αn [[1 − r(−1)n] sin [λtn] |n〉. (17)
The highly oscillating photon number distribution of the even (odd) coherent state,
P Sn =
exp (−|α|2) |α|2n [1 + r(−1)n]2
n! [1 + r2 + 2r exp (−2|α|2)] , (18)
is nonzero only at even (odd) photon numbers, and therefore the first revival with this initial
field occurs at half of the time (tevenr ) than for a coherent state (t
cohe
r ) [7,11], or
tevenr [2λt (n+ 2)− 2λtn] ≈ 2pi tevenr =
tcoher
2
=
pi
2λ
. (19)
The expressions in Eq.(16) become, at the revival time tr = pi/2λ and in the limit of n≫ 1,
Aˆ|Φ〉 = iN
1/2
2
(1− r) (|iα〉 − | − iα〉)
Bˆ|Φ〉 = N
1/2
2i
(1 + r) (|iα〉 − | − iα〉) . (20)
We see that for an initial even coherent state r = 1, the field state will become
|ψ〉 = 1√
2
(|iα〉 − | − iα〉) , (21)
i.e., a kind of odd-coherent state. However, at the second revival time (t = pi/λ), the field
will return to its initial state (even-coherent state). There will be then a periodic change
between odd and even coherent states of the field. Because those states differ by one photon,
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we expect the atom also to change state, i.e., to be found in the ground state when the field is
in an odd-coherent state. This is confirmed if we follow the time-evolution of the (periodic)
atomic population inversion W (t) =< σz >, that can be written in a closed form as follows
W (t) =
[
1 + r2 + 2r exp
(
−2|α|2
)](−1/2) {(1 + r2) exp[−2|α|2 sin2(λt)] cos[|α|2 sin(2λt) + 2λt]
+ 2r exp[−2|α|2 cos 2(λt)] cos[|α|2 sin(2λt)− 2λt]}. (22)
In Fig. 3 we have a plot of the atomic inversion as a function of λt, where we see the
flip from the upper to lower state occurring periodically. On the other hand, if the field is
initially prepared in an odd-coherent state (r = −1), there is never a transformation onto an
even-coherent state; the field returning periodically to its initial state, as we easily see from
Eq.(20).
V. CONCLUSIONS
We have shown that the dynamics of the intensity-dependent Jaynes-Cummings model
makes possible, for sufficient strong fields, to transform a statistical mixture of two coherent
states into a Schro¨dinger cat state. This is a consequence of the intrinsic periodicity of
the model, and can be readily explained from the phase-space point of view. We may ask
why this behaviour has not been noticed by considering the field evolution in the ordinary
Jaynes-Cummings model. The answer is that despite of the fact that the overlap (at half
of the revival time) in phase space somehow occurs also in that case, the precise match
between the clockwise and the counter-clockwise branches hardly happens. This is due to
deformations of the branches as time goes on, and the less than perfect overlap means that
we continue having two possible (mixed) states, although there is a tendency of purification.
Nevertheless, perfect purification is not achieved in this case.
Regarding the transformation of the field from an even-coherent state to an odd-coherent
state, the atom must change its state not only for energy conservation reasons, but also for
parity conservation in the atom-field system. Both atom and field have well defined parity,
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and the change of atomic parity due to the transition from the excited state to the ground
state is compensated by the change of the field from the even-coherent state to the (rotated
pi/2) odd-coherent state.
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FIG. 1. Field purity parameter ζ as a function of time for an initial statistical mixture of two
coherent states |α〉 and | − α〉 (α = 5).
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FIG. 2. Q-function for an initial statistical mixture of two coherent states |α〉 and |−α〉 (α = 5),
at different times, (a) t = 0, (b) t = pi/4λ and (c) t = pi/2λ.
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FIG. 3. Atomic population inversion for the field initially prepared in an even-coherent state
and the atom in the excited state with n = 25.
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